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ABSTRACT

Polynomial system solving is one of the important area of Com-
puter Algebra with many applications in Robotics, Cryptology, Com-
putational Geometry, etc. To this end computing a Grébner basis
is often a crucial step. The most efficient algorithms [6, 7] for

computing Grébner bases [2] rely heavily on linear algebra tech-
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1. INTRODUCTION

The most efficient algorithms [6, 7] for computing Grobner bases
[2] rely heavily on linear algebra techniques. More precisely, the
main cost in Grébner bases computation is the Gaussian reduction
of matrices constructed from polynomials of the ideal generated by
the input equations. The matrices generated by these algorithms

niques. In this paper, we present a new linear algebra package forhave unusual properties: sparse, almost block triangular and not

computing Gaussian elimination of Grébner bases matrices. The
library is written in C and contains specific algorithms [11] to com-
pute Gaussian elimination as well as specific internal representa-

necessary full rank. Moreover, most of the pivots are known at the
beginning of the computation.
Unfortunately, althougt4RI [1] has good performances ifp,

tion of matrices (sparse triangular blocks, sparse rectangular blocksthe best linear algebra packages sucHsAS [13], LinBox [4],

and hybrid rectangular blocks). The efficiency of the new software
is demonstrated by showing computational results fr well known

FFLAS-FFPACK [5] or Sage [12] are very efficient for dense lin-
ear algebra, but not tuned féy/Fs matrices in word-size prime

benchmarks as well as some crypto-challenges. For instance, for dields. In [11], we have presented a dedicated efficient algorithm

medium size problem such as Katsura 15, it takesB48c on a
PC with 8 cores to compute a DRL Grébner basis moguo21;
this is 88 faster than Magma (V2-16-1).
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for computing Gaussian elimination of such matrices. The main
idea consists in decomposing the initial matrix in four submatrices
obtained from both lists of pivot and non pivot rows and columns,
and to treat them specifically. To benefit as much as possible from
the cache memory, each matrix is split into small blocks and the
reduction relies on three elementary block operations. To deal with
the specific structures of the matrices occurring in a Grébner basis
computation we distinguish three block formats: sparse triangular
blocks, sparse rectangular blocks and hybrid rectangular blocks (the
internal representation can be sparse or dense, in adequation with
the eventual rows densification occurring during the computation).
At the end of this paper we report some timings and speedup to
show the efficiency of the new library and to compare with existing
linear algebra packages.

2. GROBNER BASES AND LINEAR ALGE-
BRA

Notions about Grébner bases and how to compute them using
linear algebra are not described here (see [3, 6, 7] for instance).

A list of polynomials|fy,- - - , fs] can be represented by a matrix
as follows: columns correspond to all the monomials occurring in
the polynomials (sorted with respect to a monomial ordering), and
each row contains coefficients of a polynomial with respect to these
monomials. Thdeadingcoefficient of a row denotes the column
index of its first non zero coefficient.
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To summarize, a Grobner basis computation can be seen as 3.2 Decompaosition into submatrices
sequence of Gaussian eliminations of such matrices. In the next p, can be decomposed in 4 submatriges, C, D using the row
section, we present a new Gaussian elimination algorithm in which gng column pivot lists:
operations are performed in a different order. For that purpose, two

types of columns in the matrix are distinguish@dzot columngin
which a row has its leading term), andn pivot columnsSimilarly,
a non null row chosen to reduce others is callgoivet row. The
column pivot sefresp.row pivot sey is the set of all pivot column
(resp. row).

The new algorithm use three elementary matrix operations:
o Trsml:Y « Xle,
o AxpyZ Y «— AX+Y,
e Gauss : classicalGaussian elimination.

2.1 Structure of the matrices

The matrices occurring in the Grébner basis computation have
the following common properties:

e sparsein degreed a shift of a homogeneous degreé@oly-
nomial with n variables has less tha(ﬁ*ﬁ‘l) non zero co-
efficients for(""91) total columns. For instance, & = 3,

n=>5 andd = 10, then the average density for this line is
about 35%),

several rows are monomial multiples of the same polynomial
fr(mf, mpf, ..., mf),

the matrices are not necessary full rank (this is the main dif-
ference betweeR; andFs).

almost block triangulareach matrix is constructed by pair-
wise combinations from a set of polynomials with distinct
leading terms $-polynomiad), to exhibit new polynomials
with new leading terms.

The last point provides the predetermination of a part of the pivot
columns. The efficiency of our new algorithm rely on this knowl-
edge.

3. SKETCH OF THE SEQUENTIAL ALGO-
RITHM

This algorithm has been introduced in [11] and it takes into con-
sideration sparsity and almost block triangular shape, with different

¢ Ais made from the elements indexedRy, andCy, (upper
triangularNpiy x Npiy matrix with diagonal coefficients equal
to 1).

o B of dimensiondNpjy x (Mg — Npjy) contains the elements in-
dexed byRpiy andCpiy.

e Cis a(ng — Npiv) x Npiy matrix built from the elements in-
dexedby m andCpjy. Its rows are sorted by increasing
leading term indices and with leading coefficient equal to 1.

¢ D is obtained from thgng — Npiy) x (mp — Npjy) remaining
elements (indexeldy Rpiy andCpiy).

Figure 1 shows these four submatrices with their respective di-
mensions.

A

C

I\|piv

D

Mo — Npiv

No — Npiv

Figure 1: ABCD decomposition

3.3 Pivot row reduction (Trsm)

The third step of the algorithm consists in reducing the pivot rows
by themselves. From linear algebra point of view, this means com-
putingB — A~1B sinceA is non singular (upper triangular wits 1
on the diagonal). This operation is a basis change for the non pivot

treatments and representations for the preselected pivot rows andcolumns: it computes their expression in the vector space gener-

columns, and the other ones. It inputs@x mg matrix Mg and
performs its Gaussian elimination.

3.1 Analysis

ated by the pivot columns. Each submatrix is treated differeitly:

is only read so it remains sparse, whereas the mBtitxaccessed

in read/write mode, so its density may increase. WBéha dense
matrix, this computation can be made "in place" to save memory.

The first stage consists in looking for columns clearly identified At this step, the matrisg is equivalent to:

as pivot. For that purpose, it is enough to sweep the row leading
terms. The list of the corresponding columns indices is céligd

and is of sizeNpjy. Then, one pivot row is chosen from several
candidates (in fact all the rows which have the same leading index),
to obtain the listRpjy, also of lengthNpiy : the coordinates of the
i-th pivot will be [Rpiv[i],Cpiv[i]]. The list of non pivot rows (resp.

columns) isdenotedRpiy (resp.Cpiv).

ITrsm: TRiangular Solve with Multiple right-hand sides
2Axpy: "A X plus Y"

Id| A1B
C| D

- (2f5)

3.4 Non pivot rows reduction (Axpy)

Once the pivot rows are reduced, the non-pivot rows must be
reduced by these new pivot rows by computidg— D — CB (here
B denotes themewmatrix B < A~1B) andC is set to zero, since all
its coefficients are reduced by thosefofMg is now equivalent to
(wrt. initial matricesA, B, C andD):



Id A1B
0 |D-cA1lB

o (Shotits)

3.5 New pivot row computation (Gauss)

At this point, all the rows oMg have been reduced by pivot rows.
The next step is to look and find new pivots in the mabipwith a
Gaussian eliminatiofrow version of the classical and well-known
algorithm): D < Gauss(D). Note that the leading terms &f are

not necessary equal to 1 anymore, and some field inversions may

be further required. Now:

Mo~ (

3.6 Reconstruction

At last, the final matrix GaugMp) is reconstructed from rows
and pivots listRpiyy andCpiy, and from new matriceB andD.

Id | AlB
0 | Gauss(D—CA'B)

REMARK 1. The final matrix is notin row reduced echelon form.
To obtain rref{Mp) a second iteration of this new algorithm must
be applied (see [11] for details) : the last step (3.5) gives two new
lists of pivot rows and columns (so a new decomposition and the
Trsm and Axpy steps can be performed once again before recon-
structing the final rref matrix).

4. PARALLEL IMPLEMENTATION

Operationon Cpjy columns are independent, so they can be per-
formed in parallel. In this section, we present the data structures we
used to implement a parallel version of the new algorithm.

4.1 Data structures

We take into account the architecture with last generation pro-
cessors, while respecting the structure of matrices fgffs algo-
rithms. To benefit from the cache processor memory, and to main-
tain an optimal stream of data, matrices are reorganized by row and
column blocks. We use three block matrix formatsparsedense
and hybrid (rows are stored in sparse or dense format according to
their density). Moreover, three blocks sizes have to be fixed:

o Kag (resp. Kp,): row and column block (resp. incomplete
block) size of matrixA (common block size of columns &f
andC, and rows oB),

o Kcx (resp.Kc,): row block (resp. incomplete block) size of
matricesC andD,

o Kgy (resp.Kg, ): column block (resp. incomplete block) size
of the matrice®8 andD,

whereKp, , K, andKg, are the dimensions of incomplete blocks,
respectively equal to:

KAn = Npiv mod KAB7
rl = no - Nin mOd KCX7
KB,C = NMp— Npiv mod Kgy.

Before giving a more formal description, figure 2 presents the
global block layout: the numbered blocks in matrices and the dot-
ted arrows of a block inner row symbolize the storage order of the
elements in the memory.
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Figure 2: Matrices A, B, C and D block division

4.2 Block inner operations

This section deals with operations within a block. We distinguish
three block formats:

1. Sparse triangular block formaapplies to triangular blocks
of the matrixA. It uses three listsAy |, Apos andAnp, Which
represent respectively the values, the positions and the num-
ber of non zero elements in each row of the masix El-
ements as well as rows are sorted by increasing order, from
bottom to top. Row leading coefficients (equal to 1) and the
last row of the block are not stored.

. Sparse rectangular block formétis is the format of the rect-
angular blocks of matrice& andC. Three lists are also nec-
essary to store the value, the position and the number of non-
zero elements of each row in the block. Rows are sorted by
decreasing order, from bottom to top. For the blocka,dhe
positions of the non-zero elements are decreasing, from right
to left, while forC, these are written in increasing order, from
left to right.

. Hybrid rectangular block formatised for the blocks of ma-
trices B and D. Rows are storedfmybridformat: their repre-
sentation is sparse or dense, according to the number of non-
zero elements. Rows are ordered by decreasing indices, from
bottom to top, while the row elements by growing indices,
from left to right.

The layout of blocks in matrices is one of the following three
formats:

1. Block format of sparse triangular matrixises sparse trian-
gular and sparse rectangular blocks. Blocks are ordered by
rows from right to left, and from bottom to top. Rectangular
blocks haveKag rows while triangular blocks havéag — 1



rows (since the leading coefficients, always equal to 1, are
not stored).

. Block format of sparse rectangular matrdaly containgect-
angular sparse blocksored by rows. The block layout is the
same that theparse triangular matriormat.

. Block format of hybrid rectangular matrigonsists of hybrid
rectangular blocks ordered from top to bottom, and from left
to right.

ExamMPLE 1. To illustrate each one of these three formats, we
present three matrices A, B and C of dimensionsm with block
size K and density threshold d (for better legibility, a zero row or
column is represented by the the empty &é&r value and posi-
tion, and 0O for the number). For hybrid blockstfareshold density

This ordering is in perfect adequacy with tteuble spacial and
temporal principldsee [13] for example) and so, benefits from the
cache memoryismall and fast memory taking advantage of two
principles : a program is more likely to spend its time executing
code around the same set of instructions, and tend to run in loops
repeating the same instructions).

Algorithm 1 perform$8 — A~1B betweersparse triangular block
A and hybrid rectangular blocB (D < D — CB block algorithm
follows the same philosophy). It uses a dense temporary row de-
notedTemp (rows must be converted from hybrid to dense format
when copying rows fronB to Temp, and from dense to hybrid for-
mat when updatind® from Temp). Sparse or dense linear algebra
(Axpy) is used according to the density of hybrid row<Bof

d is chosen to determine whether a row has a sparse or a dense Algorithm 1: B — A~1B: block "hybrid" version

representation (ie. if the density is greater than the threshold):

e Sparse triangular bloakatrix format n=m=>5, K = 2:

1]5 2]/0 0
0|1 4[8 3
A=| 0|0 1|6 0
0[0 0|1 7
0|0 0|0 1
Aw [7]6 3 8[4]0]2 5]
Apos [1]2 1 2[1[06[1 2]

Ap [1]1 2]1]0]2]

e Sparse rectangular blogkatrix format, n=3, m=5 and
K=2:

Cwa [3 2 5[0]7 4]9]1 6]8]

Cpos [L 2 2[0[1 1[2]1L 2[1]

Cw [2 1[0 0]1 1[1[2][1]

e Hybrid rectangular blocknatrix format, =5 m=3, K=2

and d= 50%
0 2|5
4 00
B=| 7 10
0 03
6 8|0

Bia [6 8]7 1 4[2]3]0]5]

Bpos [0[1]2[0]0]0]

B [2 0]2 1]1[0 1[0 0[1]

Inputs : sparse triangular blodkock A
hybrid rectangular blocB
Output : hybrid rectangular blocB = A-1 B
Local :Temp is amg — Npjy temporary dense row

Notation: X[i, ] is the i-th row ofX € {A,B}
/* A rows loop
1 for i« Npy—1toldo
/* Hybrid format to dense format
Temp«— Hybrid2Dense(B[i,])
/* A i-th row loop (Appli]—1 elements)
for j « 2to Aypli] do
AV — Avalli, ], AP — Apodi, ]
if Density(B[Ap,*]) < Thresholdthen
/* Sparse : Temp« Temp— Avx B[Ap, ]
Temp«— SparseAxpy(TempAv, —1, B[Ap, %])
else

L

/* Dense format to hybrid format
| Bli,*] < Dense2Hybrid(Temp

*/

*/
2

*/

w

*/

/* Dense : Temp— Temp— AvxB[Ap, %] */

Temp+« DenseAxpy(TempAv, —1,B[Ap, %])

*/

9

10 return B

4.3 Block outer operations

The outer operations are performed on matrix blocks: each oper-
ationB «— A~1B andD — D — CB usesblock hybridalgorithms. It
is also possible to use a temporary dense block to store the results
of the partial block products.

4.4 Block hybrid Gaussian elimination

The search of new pivots (see 3.5) has to be adapted ta/diok
hybridformat of the matriXD (Gauss algorithm operating dybrid
blockg. Here, the Gaussian elimination is performed on successive
blocks (by increasing indices) of the new matthobtained in 3.4.

A #Rpiy x #Rpjy matrix P, equivalent to gpseudo inversés intro-
duced to keep a track of the successive row operations. In the i-th
stage, the i-th bloclb; is updated by left-product bk, and then
Gaussian elimination is performed By | P (D; concatenated with

P), from rows of indices greater than the partial ra&k Note that
a temporary block is used to store the row®pfndP which have
to be reduced.

Initially, P is equal to the identity matrix. The Gaussian reduction
of the first block concatenated wikhis computed. Then, in the i-th
stage, the i-th block is updated by a simple left matrix multiplication



by P, and then, the a Gaussian reduction is performed on this block

concatenated witP. We denotez’) the number of non-null rows

in the i-th blockD;. Identically, rl is the rank of the i-th block
after Gaussian elimination.

On figure 3, the matrix is represented after the reduction of the
first block and hastiZY" non-null rows. After the first Gaussian
block reduction, the first block contains the up-triangular matrix of

rankr). ThenzY first rows of P contain the linear operations
needed by the Gaussian reduction of the first block.

)
D
1) 7
nZ2)
D1 D2 Dk-1 Dk p2
Temp

Figure 3: Gaussian block reduction

Then, the non null rows from indeér,(ji> +1> of D, and of P

are copied in the temporary block. Finally, the temporary block is

Algorithm 2: Block hybrid Gaussian elimination

Input  : Block hybrid matrixD (dimensiomnp x mp).
Outputs: Block hybrid matrixGaus$D) and its rankp.

/* Init parameters
P ldy, 1y «— 0,N — [mp/Kay]

/* D blocks loop

fori<—2toN-1do )
nZl) — FirstNonZeroRow({rgfl) +1,...,np},Di)
Temp« Gauss (SubMatrix ({nji‘l),...,nz(i)},Di \P))
rg) — rgfl) +Rank(Temp)

(Di,P) < Update(Temp)

*/
1
*/
2
3

/* Last block of D */

Temp+« Gauss ( SubMatrix ({I’(Nfl)

D +1.,...,nD},DN>)

+Rank(Temp)
Dn < Update(Temp)

10 return D andrp

the three operation$rsm, Axpy and Gauss. Four priority con-
straints and synchronization points (denofgdor i from 1 to 4)
are introduced for the parallel algorithm (see figure 4):

e S (from Analysis to Trsm): no constraint of synchroniza-
tion,

reduced by Gaussian elimination, and the submatrices are updated.

The temporary rank is then denone‘,ﬁ).

e S (from Trsm to Axpy): to computeAxpy(i), the computa-
tion of Trsm(i) must be completed,

This process is iterated to obtain the Gaussian reduction of the

matrix, which final rank is denoteth. Therefore, raniMp) =
Npiv +rp. The efficiency relies on the numbék, (trivial piv-
ots inMp): if #@ = ng — Npjv is small with respect tap, the cost

of this hybrid Gaussian block elimination is negligible both in time
and memory, comparing to the whole process cost.

Algorithm 2 present this hybrid Gaussian algorithm. The func-
tion FistNonZeroRow(l,M) returns the index of the first non-null
row in the listl of rows of the matriM. The functiorUpdate(Temp
copies the temporary rows of Temp in the corresponding rovzs of
andP in a hybrid format. At the end of this algorithm, both matrices
P and Temp can be freed from memory.

4.5 Parallelization

During the computation oB — A~1B thusD — D —CB, the
operations on the columns of matricBsand D are independent.
They can be realized in parallel. For that purpose, maticand
D must be considered from columns blocks point of view (n&ged
andD;j), and the two elementary parallelizable operations are:

e Trsm(i): inputs the block indekand outputs
B — A 1B,
e Axpy(i): inputs the block indekand outputs
D; — D; —CB,.

The hybrid Gaussian elimination algorithm is appliedo(de-
notedGauss(i)) to search for new pivots (after both previous re-
ductions).

o S5 (from Axpy to Gauss): to process the reductidtauss(i),
Axpy(i) must be completed as well as the operatatss( )
for j between 1 and—1,

e S (from Axpy step to the reconstruction step): all the opera-
tions of typeAxpy must be completed.

To keep track of all the operations on reduced blocks by each
of the operations, the list of remaining tasks is shared by all pro-
cessors.During its update, we make sure that no other processor
has access to thigritical section For that purpose, we ugdutex
(MUTual exclusion). Algorithm 3 presents a way of parallelizing
the computation in order to lower the latency. It uses four lists:

e Function: list of the three block operatior&rém, Axpy and
Gauss),

e Todo: list of the lists of not treated yet block indices for each
of the three functions,

e Done: list of the block indices for which the three operations
have been performed,

e Pr: list of priorities of each function (since Gauss is sequen-
tial, it must be computed as soon as possible, so its priority is
1 and the priority of Axpy is 2; Trsm is the function with less

priority).

This algorithm is executed by all the threads and ends when the
blocks of all the matrices have been treated by the three opera-
tions. At the beginning of the while loop, the thread looks for a task
(searching first in the most priority list — ie. Toglathen Todg,
etc — and denotingnd = Todap,;; this block index), locks the mu-

During the whole process, Gaussian elimination must be per- tex to update Todo (ie. remowed from Toddi] : the chosen task
formed as soon as possible. So, we define priority rules betweenhas no longer to be treated by the other threads), and performs the
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Figure 4: New Gaussian algorithm (parallel version)

computation Functidi(ind). If i < 2,ind is added to the next list
Todd]i + 1], else theind-th block is added to Done (nothing to do
with it anymore). Then, the thread goes on until all the blocks have
been treated by the three operations.

5. PRACTICAL EXPERIMENTS

We have implemented a small finite field versidty, with 3 <
p < 65521) of this new algorithm in C language (approximately
15000 lines of code) using POSIX threads.

5.1 Comparison with existing linear algebra
packages

First, we compute the row echelon form (in [11] we have also
described &ref algorithm to compute a row echelon form of ma-
trix) of small matrices occurring in some Grobner bases applica-
tions. We compare the computationsigss,1 with several linear
algebra tools: Maple 13 (functicRowReduce from LinearAlge-
bra and Modular packages), Magma 2.16.1 (funcliablspace-
O0fTranspose 0N sparse matrices), Sage 3.0.5 (echelon_form on
sparse matrices) and Linbox 1.1r®¢ReducedEchelon On Sparse-
Matrix), on the six matrices:

[ Name | Dimension | Density [ Rank |
robot 404x 302 12.39% | 262
katsura? 694 738 7.44% 611
855 2456x 2511 | 2.78% | 2331

cyclic8 4562x 5761 9.37% 3903
katsural2| 1828% 19607 | 10.50% | 15810
cyclic9 72552x 93913 | 0.70% | 71872

Algorithm 3: Parallel Gaussian algorithm

Inputs  : matricesA, B, C andD

Outputs : matricesB andD after reduction

Notations: Todo: lists of blocks to be treated by functions,
Pr: list of function priorities.

1 Todo—[[1,...,K], [], []], Done—]
2 Function— [Trsm, Axpy, Gauss], Pr— [3,2,1]

/* Something to do */
3 while Done# [1,...,K] do
/* search a task from high to low priority */
4 for i< 1to3do
5 if Todos # [] then
6 Lock()
7 ind < TodQyy [1]
8 TOdq:m] — Todqgr[,]\[lnd}
9 Unlock()
/* The computation is performed */
10 Functiorji](ind)
11 Lock()
12 if i <2then
/* Next operation must be performed on
this block x/
13 Todosyj 1) « Sort(Todosy 1) U[ind])
14 else
/* All the operations are done */
15 Done«— DoneU [ind]
16 | Unlock()

(with four 2.5 GHz cores each), and 6 Go of RAM, and obtain the
following table MT refers to the case of @emory trash

Name Nev Maple | Sage | Magma | Linbox
(version) || library (13) (3.0.5) | (2.16.1) | (1.1.6)
robot <0.1 6.4 2.4 <0.1 <0.1

katsura7 <0.1 40.8 20.92 0.2 0.2
f855 <0.1 841.2 | 257.11 3.3 4.3
cyclic8 1.8 >10 | > 10° 54.9 33.0
katsural2|| 28.5 MT MT 1036.81| 1166.8

cyclic9 46.6 MT MT MT MT

Although these matrices are sparse, for Maple and Sage dense
linear algebra is more efficient. OBref version is more efficient
(wrt. to memory and time) than the other tools.

At last, the results of the parallel version of the new algorithm
using POSIX threads:

Seq. Thread numbeiSpeedUp
Name (s) 1 2 4 8 12
cyclic8 | 1.8 || 1.0| 1.8 31| 47| 4.4
cyclico || 466 1.0| 19| 34| 57|54

Note that with two threads, latency periods are almost null, both
processors are used at full capacity. The best real times are obtained
with eight threads using the eight cores of the machine. However,
sequential hybrid last blocks computations and/or bus memory en-
gorgement prevent from optimal performances.

5.2 Comparison with existing Grobner bases
tools

All the timings given in this section are in elapsed seconds and
are obtained using our library on a 64 bit Intel Xeon CPU X5570

The tests are run on a pc with two Intel Xeon E5420 processors @ 2.93GHz with 8 cores.
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Fig.5.2: relative speedup for the Katsura 15 problem @&\¢gg»1
(the abscissa corresponds to the stage of the GB computation and the ordinate to the speedup).

The goal now is to try to estimate the real speedup that we can
achieve using the new library. In contrast with the previous sub-
section we have thus to perform Gaussian elimination on several
matrices. To start with a well known benchmark we run our new
library on the Katsuran problem [10]: since this system is a set
of n quadratic equations we know that we have to perfor#l
Gaussian eliminations (this is the Macaulay bound for regular sys-
tems). In figure 5.2, we compare the new implementation with our
reference library FGb. The conclusion is that the new library is al-
ways more efficient than the original implementation in FGb except
for the last two computations: in that cases the matricegjaasi-
triangular(triangular with few more rows) the new algorithm is not
optimal (the cost ofrsm is too important with respect to a classical

Gaussian elimination performed in FGb). The same phenomenon
occurs for the steps 3 and 4 and that is why the speedup decreases.

In the current state of the implementation we have to devise
the following strategy: by default to perform Gaussian elimination
we call the new library except when the matrixgsasi-triangular
(there is a threshold to find). When the matrixgigasi-triangular
we call the old sequential implementation. Note that in practice the
previous restriction is not a big deal: the CPU needed to perform
Gaussian elimination on the first/last matrices occurring in the com-
putation is negligible compared with the total CPU time. In the rest
of the paper, we assume that we always apply this strategy.

5.2.1 Katsura modulg

We present here the detailed results of the Katsupgoblems
for n from 13 to 16. In some table we also include a comparison
between the sequential version of the libralig Seq Library)
and the 8-cores version of the libraryefr Seq Library (8)).
All the timings are in seconds.

) . New SpeedUp New Seq New (seq

Dimension | FGb iy @) FGb/Nav | library = /New (8)
1042 x2135| 0.02 0.01 2.00 0.0 2.4
3827 x6207 | 0.29 0.06 4.83 0.3 4.7
10014 x14119 2.10 0.33 6.36 1.8 5.2
19331 x25143 9.30 1.27 7.32 7.6 6.0
28447 x3554¢ 23.36 2.87 8.14 18.1 6.3
34501 x42315 36.38 4.5 8.08 29.4 6.4
38165 x46265 34.79 5.78 6.02 38.0 6.5
39590 x47769 19.28 5.94 3.25 38.7 6.5
39965 x48154 5.90 5.65 1.04 36.3 6.4
40035 x48227 1.08 1.08 1.00 35.5 6.3
40042 x48234 0.07 0.07 1.00 354 6.3

Total 191.69 27.56 6.96
Katsura 13 modulo 65521 with 8 cores

. . New SpeedUp New Seq New (seq

Dimension | FGb iy ey FGp/Nav| library  /New(8)
1333 x2804 0.04 0.01 4.00 0.05 4.8
5559x9032 | 0.63 0.11 4.50 0.65 5.9
11683 x18005| 0.52 0.36 1.33 1.8 5.0
21717 x30783| 5.85 1.31 4.50 7.7 5.8
39001 x50484| 93.65 7.11 13.12 49.9 6.7
67933 x82582| 322.19 27.42 12.08 182.85 5.8
70411 x85376| 218.69 21.46 10.33 141.4 6.6
81277 x97202( 332.68 30.72 10.99 2154 7.0
86547 x102826 258.66 30.64 8.58 208.5 6.8
88417 x104786 105.31 28.18 3.76 189.3 6.7
88874 x105257 28.70 26.92 1.08 176.5 6.6
88954 x105338 4.72 4.72 1.00 175.1 6.6
88962 x105346 0.32 0.32 1.00 175.2 6.7

Total 1881.29 180.68 10.55

Katsura 14 modulo 65521 with 8 cores




Dimension FGb I!\li?i\;\; Egg?ﬂ;,p l\:ﬁjvyafyeq ’;ﬁ‘gvﬁg)q Stepg Dimension | FGb | New library(8) Eszlel\?gvp
1667x3608 | 0.05 0.01 6.00 0.1 838 1 | 784x5005 | 3.89 0.07 2.76
7312x12257 | 140 021 6.43 12 5.6 2 | 3145x10201| 7.43 0.68 5.99
17248x26575 2.05 0.82 2.46 4.6 5.6 3 | 6989 x16880 | 24.25 2.44 7.01
32109x46154| 9.36  2.85 3.25 173 6.1 4 |11160 x23270| 51.36 4.88 6.94
60801x79831| 289.77 23.39 1233 | 1774 7.6 5 | 14947 x28344( 96.73 10.72 6.31
114563x14083p 830.56 62.93 13.17 | 4228 6.7 6 |17421x31313/109.04f 1552 5.54
142062x170248 1454.32 8578 16.92 | 5582 6.5 7 |18420x32477| 52.34| 1559 2.85
170221x2011111 2351.63 121.5319.26 | 8589 7.1 8 |18810x32912( 20.08 15.52 111
187664x219868 2275.85 142231587 | 8651 6.1 9 |18936x33047| 5.92 5.92 1.00
195325x227978 1513.69 127.6 11.75 | 8714 6.8 10 | 18969533081 1.3 13 1.00
197778x23053p 533.53 129.954.06 | 7908 6.1 11 |18974533086| 0.14 0.14 1.00
198335x23110p 133.15 115.031.14 | 760.1 6.6 Total 512.32]  72.78 7.04
198426x231194 20.40 20.40 1.00 | 7298 65 Minrank (9,8,5) with 8 cores
198434x23120p 125 125 1.00 | 7386 65
Total 11948.14 849.68 14.06 . . New SpeedUp New Seq New (seq
Katsura 15 modulo 65521 with 8 cores Dimension | FGb iy @) FGbiNav| library = /New (8)
784 x5005 | 3.89 0.07 2.76 17 14
3145x10201| 7.43 068 5.99 3.9 5.9
6989 x16880| 24.25 2.44 7.01 171 7.1
11160 x23270 51.36 4.88 6.94 3B7 74
N , SpeedUp 14947 x28344 96.73 10.72 6.31 831 7.9
Stepy  Dimension | FGb | Newlibray(8) | £y nay 1742131314 109.04 1552 554 | 1230 80
1 271 x968 0 0 18420 x32477 52.34 1559 2.85 | 1227 80
2 | 2048 x4565 0.08 0.02 4.00 18810x32913 20.08 1552 111 | 1196 7.7
3 | 9953x16839 | 2.58 0.38 6.79 18936x33047 592 592 100 | 1165 7.9
4 | 23290x36757 | 3.86 1.50 2.57 18969x3308] 1.3 13 100 | 1083 76
5 | 45844x67046 | 18.70 6.25 2.99 18974x3308§ 0.14 014 100 | 1154 78
6 | 83046 x114252| 108.55 23.96 4.53 Total  |512.32 72.78 7.04
7 | 160426204782 3326.63 |  186.06 17.88 Minrank (9,8,5) with 8 cores
8 | 175286214892 3822.91 |  194.53 19.65
9 | 328980385905 11295.82|  700.92 16.12 o New SpeedUp| New Seq New (seq
10 | 373624 ¥432524| 16441.15|  890.49 18.46 Dimension | FGb i) ey FGb/Nev| library ~ /New (8)
11 | 401429 64523 19090.29|  733.58 26.02 1596 X11440l 2526 719 351 00 13
13 1437603>603003 8912.21 |  867.45 10.27 12224 x36784 225.41 14.74 1529 | 1069 7.3
14 1440754>606273 3035.39 | 622.11 4.88 21066 X52507 567.18 46.77 1213 | 3222 6.9
15 1441423)506958 603.01 595.60 101 30519x67094 1119.4 9161 1222 | 6438 7.0
16 | 441525>607061)  84.23 84.23 1.00 38100 x77687 1724.84 192.08 8.98 | 14366 7.5
17 | 441534,507070 4.84 4.84 1.00 43162 x84027 1808.62 259.87 6.96 | 20714 8.0
Total 103180.9§  5687.29 18.14 45441 x86801 956.11 24561 3.89 | 19534 8.0
Katsura 16 modulo 65521 with 8 cores 46440 x87965 420.85 264.91 159 | 18138 6.8
46830 88400 154.03 154.03 1.00 | 17326 7.8
46956 88539 45.79 4579 100 | 1697.6 7.2
46989 x8856¢ 10.03 10.03 1.00 | 16952 58
46994x88574 111 111 100 | 16735 7.5
We can deduce from the previous table that the new library is Total 8757.62 1337.90 6.55

very efficient. Better results can still probably obtained since we Minrank (9,9,6) with 8 cores

have sometimes a maximal speedup of 26 and sometimes a much

lower speedup. Even if the new library is less efficient on this example than for

the Katsuran problem we observe a non linear speedup for huge

computations. The 8-core version is also always 6 to 8 times more
efficient than the sequential version showing that the parallelization
of the algorithm is quite efficient.

5.2.2 Minrank

The Minrank problem is a fundamental linear algebra problem
(generalisation of the eigenvalues problem) as was studied recently
in Cryptology [8] or in Computer Algebra [9]. In that case, the
polynomial system is a list of polynomials of degree 4.

5.2.3 Comparison with Magma 2.16.1

We compare now our new algorithm with a recent version of the
F4 implantation in Magma.

Stepg Dimension | FGb| New library(8) EGpg/engp | | F, Katll | F, Kat12 | F, Kat13 |
1 441 x2002 [0.47 0.17 2.76 Magma 19.5 151.2 1091.4
2 1676 x4231 | 0.70 0.10 7.00 F('Bb 40.6 342.6 2550.65
3 3657 x7058 | 2.06 0.31 6.65 New library 2.85 19.45 149.6
4 5089 x8985 | 4.54 0.53 8.57
5 |6204 x10265| 4.88 0.85 5.74 [ [ EKat12 [ s Kat13 | isKat14 |
6 | 6594 x10700| 2.06 0.87 2.37 Magma 151.2 1091.4 9460.35
7 |6720x10835(0.63 0.63 1.00 FGb 32.8 191.7 1881.3
8 |[6753x10869|0.14 0.14 1.00 New library 4.6 27,6 180,7
9 |[6758x10874|0.02 0.02 1.00

Total 28 3.62 7.73

Minrank (9.7,4) with 8 cores 6. CONCLUSIONS AND PERSPECTIVES



We have shown a parallelized algorithm to perform Gaussian
elimination in in order to compute efficiently Grébner bases. We
have applied our implementation on real size and difficult problems
(for instance the Minrank problem in Cryptology). Hence our ap-
proach is very effective for computing Grébner bases on a multicore
PC. Some work is still necessary to obtain a maximal speedup and
to decrease the memory requirement of the new library.

Acknowledgements: The authors would like to thank Olivier
Orciére for his helpful remarks.
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